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Abstract
Let E be a countable directed graph. We show that C∗(E) is
AF-embeddable if and only if no loop in E has an entrance. The
proof is constructive and is in the same spirit as the Drinen-Tomforde
desingularization in [4].
Introduction
In [7], Pimnser and Voiculescu argued the irrational rotation alge-
bras Aθ can be embedded into an AF C
∗-algebra. Since then, there
has been an interest in characterizing the C∗-algebras which are AF-
embeddable; especially crossed products. Pimnser [6] and Brown [2],
repsectively, have solved the AF-embeddability question for algebras
of the form C(X)⋊Z for a compact metric space X and A⋊Z for an
AF-algebra A. See [3, Chapter 8] for a survey on AF-embeddability.
The general AF-embeddability problem is still largely unsolved.
There are only two known obstructions to AF-embeddability; namely
exactness and quasidiagonality. A C∗-algebra A is said to be exact,
if the functor B 7→ A ⊗min B preserves short exact sequences. A
C∗-algebra is called quasidiagonal if there are sequences of finite di-
mensional C∗-algebras Fn and completely positive contractive maps
ϕn : A→ Fn such that
‖ϕn(ab)− ϕn(a)ϕn(b)‖ → 0 and ‖ϕn(a)‖ → ‖a‖
for every a, b ∈ A. See [3, Chapters 3 and 7] for an introduction to
exactness and quasidiagonality.
Both quasidiagonality and exactness are preserved by taking sub-
algebras and AF-algebras enjoy both properties. Hence every AF-
embeddable C∗-algebra is exact and quasidiagonal. It is conjectured
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in [1] that the converse is true. Blackadar and Kirchberg also ask if
every stably finite nuclear C∗-algebra is quasidiagonal. Hence in par-
ticular, the conjecture is that stable finiteness, quasidiagonality, and
AF-embeddability are equivalent for nuclear C∗-algebras. The main
result of this paper verifies this conjecture for graph C∗-algebras. In
particular, we have
Theorem 1. For a countable graph E, the following are equivalent:
1. C∗(E) is AF-embeddable;
2. C∗(E) is quasidiagonal;
3. C∗(E) is stably finite;
4. C∗(E) is finite;
5. No loop in E has an entrance.
Graph C∗-Algebras
By a graph we mean a quadruple E = (E0, E1, r, s), where E0 and E1
are countable sets called the vertices and edges of E, and r, s : E1 →
E0 are functions called the range and source maps. Given a graph E,
a Cuntz-Krieger E-family in a C∗-algebra A is a collection
{pv , se : v ∈ E
0, e ∈ E1} ⊆ A
such that for all v ∈ E0 and e, f ∈ E1, we have
1. p2v = pv = p
∗
v for all v ∈ E
0
2. s∗esf =
{
ps(e) e = f
0 e 6= f
3. pv =
∑
e∈r−1(v)
ses
∗
e if 0 < |r
−1(v)| <∞.
Let C∗(E) denote the universal C∗-algebra generated by a Cuntz-
Krieger E-family. See [8] for an introduction to graph C∗-algebras.
If E is a graph and n ≥ 1, a path in E is a list of edges α =
(αn, . . . , α1) such that r(αi) = s(αi+1) for each 1 ≤ i < n. Define
r(α) = r(αn) and s(α) = s(α1). Define E
n to be the set of paths of
length n in E and E∗ =
⋃
∞
n=0E
n the paths of finite length in E. In
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particular, the vertices of E are considered to be paths of length 0.
Given α = (αn, . . . , α1), define sα = sαn · · · sα1 . It can be shown that
C∗(E) = span{sαs
∗
β : α, β ∈ E
∗ with s(α) = s(β)}.
A loop in E is a path α ∈ En with n ≥ 1 such that r(α) = s(α).
We say α is a simple loop if r(αi) 6= r(αj) for i 6= j. We say α
has an entrance if |r−1(r(αi))| > 1 for some i. The structure of the
algebra C∗(E) is closely related to the structure of the loops in E.
We will show in Theorem 1, the AF-embeddability of C∗(E) is also
characterized by the loops in E.
We recall two results about graph C∗-algebras. Theorem 2 is from
Kumijan, Pask, and Raeburn in the row-finite case and Drinen and
Tomforde in general (see [5, Theorem 2.4] and [4, Corollary 2.13]).
Theorem 3 is Szyman´ski’s generalization of the Cuntz-Krieger Unique-
ness Theorem (see [9, Theorem 1.2]).
Theorem 2. For a countable graph E, C∗(E) is AF if and only if E
has no loops.
Theorem 3. Suppose E is a graph, A is a C∗-algebra, and {p˜v, s˜e} ⊆
A is a Cuntz-Kreiger E-family. If p˜v 6= 0 for every v ∈ E
0 and
σ(s˜α) ⊇ T for every entry-less loop α ∈ E
∗, then the induced mor-
phism C∗(E)→ A defined by pv 7→ p˜v and se 7→ s˜e is injective.
Proof of Theorem 1
We are now ready to prove our main result. Starting with a graph
E satisfying condition (5), we will replace each loop in E with the
Bratteli diagram of an AF-algebra to build a new graph F such that
C∗(F ) is AF and C∗(E) ⊆ C∗(F ). The idea of the proof is motivated
by the Drinen-Tomforde desingularization process introduced in [4].
Proof of Theorem 1. It is well-known that (1) implies (2) and (2) im-
plies (3) (see [3, Propositions 7.1.9, 7.1.10, and 7.1.15]) and it is obvi-
ous that (3) implies (4). To see (4) implies (5), note that if α, β ∈ E∗
are distinct paths with s(α) = r(α) = r(β), then we have
s∗αsα = ps(α) and sαs
∗
α  sαs
∗
α + sβs
∗
β ≤ ps(α).
So ps(α) is an infinite projection and C
∗(E) is infinite.
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Now suppose (5) holds. Choose a unital AF-algebra A such that
there is a unitary t ∈ A with σ(t) = T and let B be a Bratteli diagram
for A with sink v. Let en · · · e2e1 be a simple loop in E and set
ui = s(ei). Define a graph F by
F 0 = E0 ∪B0, F 1 =
(
E1 \ {e1, . . . , en}
)
∪B1 ∪ {f1, . . . fn}
and extend the range and source maps by r(fi) = ui and s(fi) = v.
For example, if A = M2∞ , and E and B the graphs
u1 u2
v • • • · · ·
u4 u3
e1
e2e4
e3
then F is the graph given below:
u1
u2
v • • • · · ·
u3
u4
f1
f2
f3
f4
Note that pvC
∗(F )pv ∼= A and hence we may view t as an element
of C∗(F ). Define s˜ei = sfi+1ts
∗
fi
∈ C∗(F ) for each i = 1, . . . , n. Since
no loop in E has an entrance, we have r−1F (ui) = {fi}. Hence
s˜∗ei s˜ei = sfis
∗
fi
= pui and s˜ei s˜
∗
ei
= sfi+1s
∗
fi+1
= pui+1 .
Moreover,
σ(s˜en s˜en−1 · · · s˜e1) = σ(sf1t
ns∗f1) = σ(s
∗
f1
sf1t
n) = σ(tn) = T ∪ {0}.
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Now, by Theorem 3, there is an inclusion C∗(E) →֒ C∗(F ) given by
pv 7→ pv for v ∈ E
0 and se 7→
{
s˜e e ∈ {e1, . . . , en},
se e ∈ E
1 \ {e1, . . . , en}.
Note that since no loop in E has an entrance, the loops in the graph
E are disjoint. Thus by applying the construction above to every
loop in E, we may build a graph F with no loops and an embedding
C∗(E) →֒ C∗(F ). Since F has no loops, C∗(F ) is AF by Theorem 2
and hence C∗(E) is AF-embeddable.
References
[1] B. Blackadar and E. Kirchberg, Generalized inductive limits of
nitedimensional C∗-algebras, Math. Ann. 307 (1997), 343 - 380.
[2] N. P. Brown, AF Embeddability of Crossed Products of AF Alge-
bras by the Integers, J. Funct. Anal. 160 (1998), 150-175.
[3] N. P. Brown and N. Ozawa, C∗-Algebras and Finite-Dimensional
Approximations. Graduate Studies in Mathematics, 88. Amer.
Math. Soc., Providence, RI, 2008.
[4] D. Drinen and M. Tomforde, The C∗-algebras of arbitrary graphs,
Rocky Mountain J. Math. 35 (2005), no. 1, 105135.
[5] A. Kumijan, D. Pask, and I. Raeburn, Cuntz-Krieger algebras of
directed graphs, Pacific J. Math. 184 (1998), 161-174.
[6] Embedding some transformation group C∗-algebras into AF-
algebras, Ergodic Theory Dynam. Systems 3 (1983), no. 4, 613626.
[7] M. Pimsner and D. Voiculescu, Imbedding the irrational rotation
C∗-algebra into an AF-algebra, J. Operator Theory 4 (1980), no. 2,
201–210.
[8] I. Raeburn, Graph algebras, CBMS Regional Conference Series in
Mathematics 103 Published for the Conference Board of the Math-
ematical Sciences, Washington D.C. by the AMS, Providence, RI
(2005).
[9] W. Szyman´ski, General Cuntz-Krieger uniqueness theorem, Inter-
national J. Math. 13 (2002).
Dept. of Mathematics, University of Nebraska-Lincoln, Lincoln, NE,
68588-0130
E-mail address: cschafhauser2@math.unl.edu
5
